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The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

Let IR, be the real Clifford algebra over n imaginary units ey, ..., e,
satisfying the relations

eiej+ee =0, i#j e? =—1.

An element in the Clifford algebra will be denoted by
> eaxa
A

where
A={h...0i,} €P{1,2,....n}, B <...<i

is a multi-index and eq = €€, ... €, e = 1.

Fabrizio Colombo Inversione della mappa di Fueter-Sce




The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

An element (xg, x1, ..., x,) € R™™! will be identified with the element
n
x:x0+g:xo+ZXjej€IR,,
[
called, in short, paravector. The norm of x € R™! is defined as
X2 =x2+x2+...+x2.

The real part xp of x is also denoted by Re[x]; x is the 1-vector part of x;

the conjugate of x is defined by X = xo — x = x0 — > ;_; Xj¢;.
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The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

The sphere $"1

S l={x=exi+...+exn | X¥+...+x3=1} web 1 w?=-1
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The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

The sphere $"1

S l={x=exi+...+exn | X¥+...+x3=1} web 1 w?=-1

The complex plane C,,

The vector space R + wR passing through 1 and w € $"! will be
denoted by C,, while an element belonging to C,, will be denoted by
u+wv, for u, v e R. C, can be identified with a complex plane.
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The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

Let f be an holomorphic function in an open set of the upper half
complex plane
f(x +uy) = u(x,y) +wv(x,y)

q=x0+ ix1+jx2+ kxz:=x +g

then

‘\-Q

Aq(u(x0, |9]) + v, [al))

Y

is Fueter regular, while when xp + x € R™1

n=1 X
A3 (u(xo, x]) + = v(xo, x]))

|x
is in the kernel of Dirac operator 0y = dy, + >, €0y,
v




The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem

@ R. Fueter, Die Funktionentheorie der Differentialgleichungen Au = 0
und AAu = 0 mit vier reellen Variablen, Comm.Math. Helv. (1934).

© M. Sce, Osservazioni sulle serie di potenze nei moduli quadratici,
Atti Acc. Lincei Rend. Fisica, (1957).

© T. Qian, Generalization of Fueter's result to R"!, Rend. Mat. Acc.
Lincei, (1997).

© W. Sprossig, On operators and elementary functions in Clifford
analysis Z. Anal. Anwendungen (1999).

Fabrizio Colombo Inversione della mappa di Fueter-Sce



The Fueter-Sce Mapping theorem

The Fueter-Sce Mapping theorem
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Intrinsic functions

Let f(u+ tv) = afu, v) + tB(u, v) be a function defined for

z=u+wv €U C C, U symmetric with respect to the real axis. Assume
a(u,—v) = a(u,v), B(u,—v) = —B(u,v), (o, B) satisfying the
Cauchy-Riemann equations.

| A

Definition

Let U= {x=x +x€R"™ | (xo, |x|) €U} and let
SMU)={f: UCR"™ - R, f(x)="f(x+wlx|)=
a(xo, |x|) + wB(xo, |x|) @, B8 R,-valued and with the above properties }.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Definition (Axially monogenic function)

Let U be an axially symmetric open set in R""!, and let
X=Xxp+X=x9+ rw € U. We say that fis an axially monogenic
function if there exist two functions A = A(xp, r) and B = B(xo, r),
independent of w € $"~! and with values in R,,, such that

f(X) = A(X07 I’) +£B(X07 r)a

and fis a monogenic function, that is it is in the kernel of the Dirac
operator. We denote by AM(U) the set of left axially monogenic
functions on the open set U.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Let U be an axially symmetric open set in R™1. Then the functions
A = A(xo, r) and B = B(xp, r) satisfy the Vekua's system, i.e.

0% A(xo0, r) — 0:B(x0, r) = ”71 B(xo, r),
Ox, B(x0, r) + 0, A(x0, r) = 0.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Problem (The inverse Fueter mapping)

Let n be an odd number and let U be a suitable open set in R, Given
an axially monogenic function f, find a function f € SM(U) such that

n—1

7 f(x).

?(x) =A

Find an integral representation of the map

AM(U) = SM(U), fis f.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Definition

Let n be an odd number and let U C R"*! be an axially symmetric open
set. Suppose that f € SM(U). We say that a function f is a Fueter
primitive of f € AM(U) if

n—1

A7 f(x) = f(x)

on U.
v
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Definition (The functions N, (x) and N, (x))

Let G(x — y) be the monogenic Cauchy kernel with x = xo + x € R"*!
and we assume y =w € R", w € "1 We define

N = [ Ok-w)dse) Ny = [ Gle-w)wds)

gn—1

where dS(w) is the scalar element of surface area of $"~1.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Theorem (The restrictions of N (x) and N, (x) to x = 0)

Let n be an odd number. Let N and N, be the functions defined
above. Then their restrictions to x = 0 are given by

X0 1

+ _ - -
N (X)]x=0 = Cn 02 1 1)@ /2’

where
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

The structure of the Fueter primitives of ;- and N,

Let n be an odd number and denote by W, and W, the Fueter
primitives of A;F and NV, respectively. Consider the functions:

C X
—+ . >=n —(n-1) 0
Wy (x0) = X, D E+ )2’
. Co s 1
Wrlx) i= -2 D=~
K, (x¢ + 1)(n+1)/2

where the symbol D~("=1) stands for the (n — 1) integrations with
respect to xg. Then replacing xo by x in Wi (x0) and in W, (x0) we get
W,F(x) and W, (x), respectively.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Corollary (Explicit Fueter's primitives of Af and A/~ for n=3)

1 1
Wj (x) = 5o arctanx, Wy (x) = — 5 xarctanx.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Theorem (The inverse Fueter mapping theorem)

Let f(x) = A(xo, ) + wB(xo, r) be an axially monogenic function defined
on an axially symmetric open set U C R™1. Let I be the boundary of an
open bounded subset V of the half plane R + wR™ and let
V={x=u+wv, (uv)€V, weS" 1} C U. Moreover suppose that
I is a regular curve whose parametric equations yo = yo(s), r = r(s).
Then the function

f(x) = /rw,,— (%(x — yo))r"_Q(dyo Alyo, r) — dr B(yo, 1))

_/FW:(%(X - yo)) r"2(dyoB(yo, r) — drA(yo, r)). (2)

is a Fueter's primitive of ?(X) on V, where W, and W, are Fueter
primitives of N;F (x) and N, (x), respectively.
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The inverse Fueter mapping theorem, |

The inverse Fueter mapping theorem, |

Theorem (The inverse Fueter mapping theorem for the quaternionic case)

Let f(q) = A(qo, r) +wB(qo, r) be an axially Fueter regular function
defined on an axially symmetric domain U C H. Let I be the boundary
of an open bounded subset V of the half plane R + wR™ and let
V={x=u+uwv, (u,v) €V, we S 1} C U. Moreover suppose that
I" is a regular curve . Then the function

/W == YO)) r (dyo A(yo, r) — dr B(yo, r))

- / W (X —10) r(@0BOo. )~ drAo.r). ()

is a Fueter primitive of f(q) on V, where W*(q) = ;= arctan g and
W= = —i garctang.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition

A function ?k(x) is said to be an axially monogenic function of degree k
if it is of the form

fi(x) = Ax(xo, r,w) + wBi(xo, r,w)

where Ay (xo, r,w) and By(xo, r,w) satisfy the Vekua-type system:

aonk - aer = %Bka (4)
8XOBk + 0,Ax = éAk.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition

A left monogenic polynomial Py in IR” is called inner spherical monogenic
of degree k if it is homogeneous of degree k, that is Px(x/|x|)|x|* and it
satisfies 0, Pk(x) = 0.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition

A left monogenic polynomial Py in IR” is called inner spherical monogenic
of degree k if it is homogeneous of degree k, that is Px(x/|x|)|x|* and it
satisfies 0xPk(x) = 0.

Let Ax(xo, r,w) + wBk(xo, r,w) be an axially monogenic function of
degree k. For any (xo, r) fixed the functions Ax and By are inner
spherical monogenic of degree k in w and can be written as

Ak(XOar7£) (XOa )Pk( ) Bk(XOaraQ) (XO, )Pk( ) (5)

V.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Let U C ]NR"Jr1 be an axially symmetric open set. Then every monogenic
function f : U — R, can be written in the form f(x) = >_,;2 fi(x) with

fe(x) =D [Axj(x0, ) + wBi j(x0, )P j(w) (6)

j=t

where Py j form a basis for the space of spherical monogenics of degree k
of dimension my and Ay j, By are suitable real valued functions.

v
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Problem

Find the inverse of the Fueter mapping theorem in the case of monogenic
functions of type (Ax j(xo, r) + wBk j(x0, r))Px j(w) by providing their
Fueter primitive.

N(U)={f: UCR"™ 5 R,, f(x)="Ff(x+1x])=
a(xo, |x]) + wB(x0, |x]) | a(u,v)+ tB(u,v) is a C-valued holomorphic
function in u + v € U}.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition (Fueter's Primitive)

Let n be an odd number and let U C R"*! be an axially symmetric
domain. Let f(x)Px(x) = (A(xo, r) +wB(xo, r))Pk(x) be an axially
monogenic function of degree k € INg. We say that a function
f(x)Pk(x), f € N'(U) is a Fueter primitive of f(x)Px(x) if

Ak+"%1(f(x)77k(£)):?(X)Pk(g &

where A is the Laplace operator in dimension n + 1.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition (The functions ;" (x) and F,(x))

Let G(x — y) be the monogenic Cauchy kernel with x = xo + x € R"*?
and for y = rw € R” we assume r =1 and w € $"1. Let Px(x) be an
inner left spherical monogenic polynomial of degree k € INg. We define

) = [ 60— 0) Pl ds(w),

Fend = [ 6~ 0w Pulw)ds(w),

where dS(w) is the scalar element of surface area of $"1.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Theorem (Factorization property of ]-"Zn(x) and F,_,(x))

Let n be an odd number. Let P(x) be an inner left spherical monogenic
polynomial of degree k € INg. Then there exists two functions S,’:n(x)

and S, (x) belonging to N'(U), independent of Pi(x), such that
Fien(®) = S () Pr(x),
Fion(¥) = S n(x)Pu(x) and
X0
(2 + 1)kt D/2’

lim S, (x) = Ci

1
Jirm, Sknlx) = =Cn (@ + 1)kH(n+1)/2?
_ ntl
where Cy p, = (\/E) ﬁ(,:rg)).
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Definition

Let n be an odd number. Let Px(x) be an inner left spherical monogenic
polynomial of degree k € Np. We will denote by W" (x)Px(x) and

Wi o(x)Pi(x) the Fueter primitives of F; (x) and F,_(x), that is

W (X)Pi(x) and W, (x)Pi(x) satisfy

AR (W (0Pu(x)) = Fo(x), AT (W (x)Pulx)) = Fi ()

V.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Ck _ _ X0
+ _ Lk (2k+n—1)
Wk,n(XO) - Hk,n D (Xg + 1)k+(n+1)/2
= o Crin —(2k+n—1) 1
Wk,n(XO) = _Hk,n D (Xg 4 1)k+(n+1)/2'
Replacing now xp by x in W,?L:n(xo) we get W,f%n(x) which are the
required functions.
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Theorem (The inverse Fueter mapping theorem)

Let n be an odd number and let Py(x) be an inner left spherical
monogenic polynomial of degree k € INg. Let

F(x)Pu(x) = (Alx0, r) + wB(x0, ))Pi(x)

be an axially monogenic function of degree k defined on an axially
symmetric U C R™. Let T be the boundary of an open bounded subset
V of the half plane R 4+ wR* and let V C U be the open set in R"!
induced by V. Moreover suppose that [ is a regular curve and consider
the manifold

Y i={w+wrl(r)el, wesS '}
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Then the function

- [ (2P (2)
= [, (22 P (552 4 2Bt ) + Ao )
)

is a Fueter’s primitive of 7 (x)Pk(x

1>

— Yo

r?*t1=2[dyo A(yo, r) — dr B(yo, r)]
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The inverse Fueter mapping theorem, 1

The inverse Fueter mapping theorem, Il

Let us denote by AM(U) the set of axially monogenic functions of
degree k on the axially symmetric open set U and let us introduce the set

M(U) = {ox =D i(x)Pej(x) | ff € N(U)}.
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The case of biaxially monogenic functions, Il

Corollary

Let n be an odd number and let U be an axially symmetric open set in
R™1. There is a map of R,-modules

AM,(U) = M(U),

such that (Ax + wBk)Px = A”n%l((ak + wBk)Pk). Moreover, there is a
map
M(U) — @ A A (V),
k
such that, given f= >k f e M(U), fx € AM(U), there are o\ € N

such that ~ .
F=A"7 > Ak
k
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The case of biaxially monogenic functions, 11

The case of biaxially monogenic functions, Il

Definition

Let U be an open set in IRP x IR? be invariant under the action of the
group Spin(p) x Spin(q). Roughly speaking a monogenic function on U
that is of the form

X

y x Yy
f(x,y) = A(lx], + —B(|x|, + = C(|x|, ly]) + == D(|x],
() = Alkeh 1) + (5Bl ) + 17 €l ) + 5000l

is said biaxially monogenic function on U. Both

X Yy

B o)+ £ €l oD, (7)
and

A(lx, lyl) + él'f—'mm, v, (8)
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The case of biaxially monogenic functions, 11

The case of biaxially monogenic functions, Il

T. Qian, F. Sommen, Deriving harmonic functions in higher dimensional
spaces, Zeit. Anal. Anwen., 2 (2003), 1-12. shows that the Fueter
mapping theorem can be extended to this setting.

Indeed, functions W of type

i<

W(x,y) = h(lx], \y|)| it ha(1x], [y 1) (9)

E

With h1, h2 real valued and such that W is in the kernel of the operator
20 + OM are such that

I

Tyl

ptq

A= TTW(x,y) = f(x,y) (10)

with f biaxially monogenic.
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The case of biaxially monogenic functions, Il

The case of biaxially monogenic functions, Il

Definition
Let &/ C (RT U{0}) x (R U{0}) and let U C R? x RY be the set
induced by /. Then we denote by Hg(U) the set of functions W of the

form N y
W(x,y) = h(|x], \xl)@ + hy(|x], \xl)m

with hy, hy real valued and such that W is in the kernel of the operator

X

Yy

O)x +
lyl

" 1y e
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The case of biaxially monogenic functions, Il

Lemma

Let U be an open set in RP x RY, for p > 1 and q > 1, invariant under
the action of the group Spin(p) x Spin(q) and let x/r € $P~1,

y/p € 8971, where r = |x|, p = |y|. Then the function W is in the kernel
y
Tyl

of the operator ‘%lf)m + 5710,y if and only if its components hy and hy

satisfy the equations

{ arhl(r7p)+aph2(rup) :07 (11)
8ph1(l’,p) — 8,h2(r, p) = 0.
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The case of biaxially monogenic functions, Il

The case of biaxially monogenic functions, Il

Proposition

Let U in RP x R9, for p > 1 and g > 1, be invariant under the action of
the group Spin(p) x Spin(q), and assume that W € Hg(U). Then we

have
W(x,y) = Re((ha(r, ) + iba(r. p)) (@ — iv)). (12)

Moreover, if we set

H(r_ Ip) = hl(r,p)+ih2(rap)a H(Z)(r) = 3fH(r), ‘62071327"'
(13)
then W can be represented in power series as follows:

+oco
Wes) = 3 (e MO0 ~ gy HO ). 49
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The case of biaxially monogenic functions, Il

The case of biaxially monogenic functions, Il

Problem

Let f be a biaxially monogenic function on an open set U C IRP x RY,
invariant under the action of the group Spin(p) x Spin(g), determine a
function W € Hg(U) such that

fx,y) = A2 H(W(x,y)),

where m = p+ g, and p and g odd positive integers.
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The case of biaxially monogenic functions, Il

Theorem

Let U be a domain in R3 x R® invariant under the action of the group
Spin(3) x Spin(3) and let W € Hg(U). Then we have

1
(B + B2 W(x,y)ly=0 = ~80, (S O2H(r) ),

where x/r = w.
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The case of biaxially monogenic functions, Il

Definition (The kernels N7 (x,y) and N\ (%, y))

Let p,g € N and let G(x + y — X — Y) be the monogenic Cauchy kernel
with x € RP, y € RY, and assume w € $?~, € 597! and for A > 0 and
> 0, we define the kernels

Nianuet) = 7= [ [ Gcy =3¢ = ) es(€) as(a). (19
Aptq Jso—1 Jga
_ 1
NoarnXy) = Ape /S o, Gty = A= ) € n dS(€)dS(n),
(19)

where dS(§) and dS(n) are the scalar element of surface area of 5~
and of $971, respectively.
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The case of biaxially monogenic functions, Il

Let p,q be odd numbers. Let Nf (x,y) and N, ,(x,y) be the kernels
defined in (15) and (16), respectively. Then the/r restrictions to y = 0
are given by

AgAp_ X
N oan(6,0) = ==L s u(rip.q) — A au(rip, @S (17)
' ptq r
Aq X
Np q\, u(X 0) = Asiq J27/\7u(ra P; q)ﬂ? (18)

where the functions J; x ,.(r; p,q), j = 1,2 are given by

1 H1(1— t2)(p—3)/2 '
horulrip, )= /_ (2ot + v+ p)erar b J=12 (19
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The case of biaxially monogenic functions, Il

Theorem (The restrictions of the kernels N33\ ,(x,y) and N5, ,(x,y)
toy - 0) . 5

Let ./\/3J)“3,>\’M(§, y) and N33, (x.y) be the kernels defined in (15) and
(16), respectively. Then their restrictions to y = 0 are given by

AzAy 2Xr(2— (rP+ X2+ p?)) x
+ _ 3772 AS 2
Ngru(2,0) As  [(r2 4+ X2+ p?)? —4xX2r22 r’ (20)
_ _As A\pr X
Maau(x:0) = As [(r2 4+ X2 + p2)2 — 4X2r2]2 r’ (21)
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The case of biaxially monogenic functions, Il

Definition
Let p and g be an odd numbers and let A > 0 and g > 0. We say that

W;q,,\’u(é, y)and W (x,y) are Fueter's primitives of N0 s w(xY)

and NV, .(x,y), respectively, if they satisfy

p+q

N (Wj,q, W) =Ny (),

T Woaan¥) = Nyg (6 9).
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The case of biaxially monogenic functions, Il

Definition

Let p and g be an odd numbers and let A > 0 and x> 0. Let

Wy au(xy) and W (x,y) be Fueter primitives of NS | (x,y)

and N ,(x,y). We denote by Hl(”)]/\ s j[( r), for £ € N U {0}, the

coefficients that appear in the series expansions:

W (X y)

Pyq A,
= 2@ H2) 1 2041 p4(2¢+1)
Z ( P ;N H, i( ) (25 + 1)!X Hp’q’A,u,i(r))'
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The case of biaxially monogenic functions, Il

Theorem (The differential equations for coefficients of the restrictions of
W3i3 )

The coefficients H3( ; s+ (), for £ € NU{0}, in the series expansions:

d
Wisau(XY)

X 1 2041
- Z( 20)! y*H 33)W¢(r)7 - mzzz+lH§,3,A,L,i(r)>

of Fueter’s primitives ofN3 3.0 H(L y) are given by the differential
equations

1., AsAy  20r(2— (P2 + 22 + 12))
83r(;arH33/\,u+( )) A6 [(r2+/\2+u2)2 *4/\2I’2]2’

1, Az A pr
—80,( =0%H. _ = — .
80 (rar 3,3,\, 14, (r)) As [(r2 122 +H2)2 _ 4)\2,2]2
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The case of biaxially monogenic functions, 11

Theorem

Let f(x) be a biaxially monogenic function of the form (where w = x/r,
cv=y/p, p=|yl) f(x,y) =wB(p,r) + vC(p, r) defined on an
axially symmetric domain U C RP*9, where p and q are odd numbers.
Let ' be the boundary of an open bounded subset V of the half plane
ERT + nRT and let

V={u+nv, (u,v)eV, £S5~ ne8i~t} C U. Moreover
suppose, that I is a regular curve whose parametric equations A = A(s),
= p(s) are expressed in terms of the arc-length s € [0, L], L > 0. Then
the function

r = |X

/ o, O VEPTIAITHC(A, p)d A — B(A, p)dp]  (22)

/ o (63) 1PN BV i)+ C(A )]

is a Fueter's primitive of f(x,y) on U.
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The Fueter-Sce mappling in integral form

o F. C., I. Sabadini, F. Sommen, The inverse Fueter mapping theorem,
Communication on Pure and Applied Analysis, 10 (2011),
1165-1181.

o F. C., I. Sabadini, F. Sommen, The inverse Fueter mapping theorem
using spherical monogenics, Israel Journal of Mathematics, 194
(2013), 485-505.

e F. C., I. Sabadini, F. Sommen, The Fueter primitive of biaxially
monogenic functions, Communication on Pure and Applied Analysis,
13 (2014), 657-672.

@ F.C. D. Pena Pena, |. Sabadini, F. Sommen, A new integral formula
for the inverse Fueter mapping theorem, Journal of Mathematical
Analysis and its Applications, 417 (2014), 112-122.



The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

Theorem (Representation Formula (or Structure Formula))

Let U C R be an axially symmetric (s-domain) and let f be an
s-monogenic function on U. For any vector x = u+ I,v € U the
following formulas hold:

1

F(x) = 5[1— le} Fu+Iv)+ %[H/xl} Fu— Iv) (23)
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The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

By the Representation Formula SM(U) consists of those functions

f(xo, |x]) = ulxo, |x]) + (0, [x]), 1 €S

where u,v: UcC R™! - R,
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The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

% -1
Describe the map f — f = A 2,f, f € SM(U) in integral form.

Provide a functional calculus based on axially monogenic functions.
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The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

Cauchy formula with s-monogenic kernel

Let U C R"*! be a bounded axially symmetric s-domain such that
A(UNC) is union of a finite number of rectifiable Jordan curves for
every | € 5. Let f be a left s-monogenic function on an open set that
contains U, x € U and set ds; = ds/I, ds = du + Idv. Then

1

"2

f(x) /a ey S=1(s, x)ds f(s) (24)

where
S7(s,x) = —(x* — 2xRe(s) + |s]*) " }(x — 3)

and the integral does not depend on U and on the imaginary unit / € 5.
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The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

Theorem:
Let x, s € R be such that x & [s]. Then the following identity holds:

—(x? = 2xRe(s) + |s]*) "H(x = 3) = (s — X)(s* — 2Re(x)s + |x|?) L.

Let x, s € R"! be such that x ¢ [s].
@ We say that S71(s, x) is written in the form | if

S7Y(s,x) := —(x* — 2xRe(s) + |s]?) " (x —3).

@ We say that S71(s, x) is written in the form Il if

S71(s,x) := (s — X)(s*> — 2Re(x)s + |x|?) L.

V.
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The Fueter-Sce mappling in integral form

The Fueter-Sce mappling in integral form

Remark

Even though S~(s, x) written in the form | is more suitable for several
applications, for example for the definition of a functional calculus, it
does not allow easy computation of the powers of the Laplacian

A=Dp =02+ +...+ 02

applied to it. The form Il is the one that allows, by iteration, the
computation of A"z S~1(s, x).
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The Fueter mapping theorem in integral form

The Fueter mapping theorem in integral form

Theorem (Explicit computation of A"z $71(s, x))

Let x, s € R™ be such that x ¢ [s]. Let

S71(s,x) = (s — X)(s® — 2Re(x)s + |x|?) ! be the slice-monogenic
Cauchy kernel and let A = 27:0 88—; be the Laplace operator in the
variable x. Then, for h > 1, we have:

A"S7Y(s,x) = Cpp(s — X)(s2 — 2Re(x)s + |x[2)~(+D),

where

h h
Con = (-1)"T[@O ] (n - (2¢-1)).
(=1 =1
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The Fueter mapping theorem in integral form

The Fueter mapping theorem in integral form

Let x, s € R"! be such that x & [s]. Then the function

A'S~1(s,x)

is a right s-monogenic function in the variable s, for any h € IN.

| \

Theorem

Let n be an odd number and let x, s € R"*! be such that x ¢ [s]. Then

the function 71
A7 S7Y(s, x)

is a monogenic function in the variable x.

Fabrizio Colombo Inversione della mappa di Fueter-Sce



The Fueter mapping theorem in integral form

The Fueter mapping theorem in integral form

Definition (The F,-kernel)
Let n be an odd number. Let x, s € R""1. We define, for s & [x], the
Fn-kernel as

_ntl

F(s,x) = A7 S71(s,x) = 7a(s — X)(52 — 2Re(x)s + |x[2) "7,

where
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The Fueter mapping theorem in integral form

The Fueter mapping theorem in integral form

Theorem (The Fueter mapping theorem in integral form)

Let n be an odd number. Let U C R be a bounded axially symmetric
s-domain such that (U N C,) is union of a finite number of rectifiable
Jordan curves for every | € $. Let f be a left s-monogenic function on an
open set that contains U, x € U and set ds; = ds/I, ds = du + Idv.
Then, if x € U, the function f(x) given by f(x) = AT f(x) is
monogenic and it admits the integral representation

v 1

f(x) Fn(s,x)dsf(s), ds;=ds/l, (25)

L a(uNc))

where the integral does not depend on U nor on the imaginary unit | € 5.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

V,, is two-sided Banach module V ® R, over IR,,.
An element in V, is of the type >, va ® ea is a multi-index.
v, = 2allvallv-

B(V) the space of bounded IR-homomorphisms of the Banach space
V to itself endowed with the natural norm denoted by | - || ().

Given T € B(V), we can introduce the operator T = )", Taea
and its action on v =Y vgeg € V,, as T(v) = ZA’B Ta(vg)eaes.

Finally, we define ||v|
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

@ The operator T is a module homomorphism which is a bounded
linear map on V,,.

@ The set of all such bounded operators, with commuting
components, is denoted by BC,(V,).
o We define || T|[sc,(v,) = 2all Tallse(v)-

o BC%Y(V,) is the space of operators of the form T = Ty + Z};l Tie
where T, € B(V) for p=0,1, ..., n such that T, commute among
themselves.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition

Let n be an odd number, and let m € IN, then we set
Pon(x) = AT x™. (26)

In the sequel we omit the index n in Py, ,(x) and we simply write Pp,(x).
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Let n be an odd number, and s, x € R™. Then the series

Z 'Pm(x)sflf’”,

m>n—1

converges if and only if |x| < |s|.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition (Monogenic Cauchy kernel series)

Let s,x € R™! where n is an odd number. We define the monogenic
Cauchy kernel series as

Fs(s,x) = Z Pr(x)s™ 17,

m>n—1

for |x| < [s].
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition (Monogenic Cauchy kernel operator series)

Let n be an odd number, and let T € BC%Y(V,) with || T|| < |s|, where
s € R™1. We define the monogenic Cauchy kernel operator series as:

E P —1 m
m>n—1

where we have substituted the operator T; for x; in the polynomials

Pm(x).
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Let n be an odd number, T € BCYY(V,) with || T|| < |s|, where
s € R™!. Then we have

S Pu(T)s ™" = (ST~ T)SPL —s(T+T)+ TT)™ %

m>n—1

9

where

o= (D22 (22 2y)
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition (The F-spectrum and the F-resolvent sets)

Let n be an odd number and let T € BC%(V,). We define the
F-spectrum ox(T) of T as:

or(T)={s e R 2T —s(T+T)+ TT s not invertible}.
The F-resolvent set px(T) is defined by

pr(T) =R\ ax(T).
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem (Compactness of the F-spectrum)

Let n be an odd number, T € B%(V,) with commuting components.

Then the F-spectrum ox(T) is a compact nonempty set. Moreover
o7(T) is contained in {s € R : |s| < || T| }.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem (Structure of the F-spectrum)

Let T € BC%Y(V,) and let p = po + p1l € [po + p1/] € R\ R, such
that p € ox(T). Then all the elements of the (n — 1)-sphere [po + p1/]
belong to ox(T). Thus the F-spectrum consists of real points and/or

(n — 1)-spheres.

Definition (F-resolvent operator)

Let n be an odd number, s € R™"! and let T € BC%*(V,). For
s € pr(T) we define the F-resolvent operator by

Fals, T)i=(sT - TSI —s(T+T)+ TT)" 7.

\
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

o Let T € BC%'(V,) and let U C R™* be an axially symmetric
s-domain that contains the F-spectrum o£(T), such that (U NCy)
is union of a finite number of rectifiable Jordan curves for every
I €85.

@ Let W be an open set in R"*1. A function f € SM(W) is said to
be locally s-monogenic on o (T) if there exists a domain U C R™*,
as above and such that U C W, on which f is s-monogenic.

@ We will denote by SM, () the set of locally s-monogenic functions
on O']:( T)

v
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem

Let n be an odd number, T € BC%*(V,,), let f € SM,(T)- Let U be an
open set, containing ox(T), as above. Then the integral

1

— Fn(s, T)ds; f(s), ds; = ds/l (27)
27 Jaune))

is independent of | € S and of the open set U.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition (The F-functional calculus)

Let n be an odd number, T € BC%'(V,). Let U be an open set,
containing ox(T), as above. Suppose that f € SM, (1) and let
f(x)= AT f(x). We define the F-functional calculus as

1

f(T)= —
21 Ja(une))

Fn(s, T)ds; f(s).
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Let n be an odd number, T € BC%*(V,) and let U > ox(T) be as

above. Then q

mezf/ Fa(s, T)ds; s™
(T) =7 owne (s, T)

and the integral does not depend on the open set U noron | € 5.

Fabrizio Colombo Inversione della mappa di Fueter-Sce



The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Definition

Let n be an odd number. Let {T,,}men and T belong to BC™(V,,),
suppose that pe(T) = pr(Ty) for all m € IN. We say that T, converges
to T in the norm F-resolvent sense if 7, (s, Tp,) = Fu(s, T) as m — oo

for all s € pe(T).
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Let n be an odd number. Let {Tpn}men and T be elements in
BC%Y(V,), suppose that pe(T) = pe(Tm) for allme N. Then Tpy — T
in the norm if and only if T,, — T in the norm F-resolvent sense.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Let n be an odd number. Let f and g € SM, (1) and let
f(x) = AT f(x) and g(x) = A"%lg(x). Then we have

(F+&)(T)=F(T)+&(T), (FPANT)=HT)\,  forall AeRn
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem

Let n be an odd number and let T € BC(V,,). Let f(s) =, a
where ay € R,, be such that f € SMg, (1) and let f(x) = AT f(x).

Then we have .
F(T)=>_Pen(T)ar.
>0

where Py.,(T) has been obtained by replacing x by T in the polynomials
Peon(x) = AT XL

v
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem (The F-resolvent equation)

Let n be an odd number and let T € BC(V,). Let s € pp(T) then
Fn(s, T), satisfies the equation

1

]:n(57 T)S - T]:,,(S, T) = ’YnQS(T)n%v (28)

where

Q(T):=(s*T—s(T+T)+TT) L.
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The F-functional calculus for bounded operators

The F-functional calculus for bounded operators

Theorem (Bounded perturbations)

Let n be an odd number, T,Z € BC®(V,), f € SM, (1) and let
€ > 0. Then there exists 6 > 0 such that, for ||[Z — T|| < ¢, we have
fe SMO’]:(Z) and

I#(Z) = F(T)Il <.
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The F-functional calculus for bounded operators

@ D.Alpay, F. C., J. Gantner, and |. Sabadini, A new resolvent
equation for the S-functional calculus, arxiv 1310.7626v1, to appear
in Journal of Geometric Analysis.

o F. C., J. Gantner, Formulations of the F-functional calculus and
some consequences, Preprint 2014, arXiv:1403.3775.

@ D. Alpay, F. C., I. Sabadini, On some notions of convergence for
n-tuples of operators, Mathematical Methods in the Applied
Sciences.

e F. C., |. Sabadini, The F-functional calculus for unbounded
operators. to appear in Journal of Geometry and Physics, (2015).

o F. C., I. Sabadini, F. Sommen, The Fueter mapping theorem in
integral form and the F-functional calculus, Mathematical Methods
in the Applied Sciences, 33 (2010), 2050-2066.

o F. C, I. Sabadini, D.C. Struppa, Noncommutative Functional
Calculus, Theory and Applications of Slice Hyperholomorphic
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